Granular materials, in common with many complex systems, exhibit a range of self-organization processes that control their mechanical performance. Many of these processes directly manifest in the evolution of the contact network as the material responds to applied stresses and strains. Yet the connections between the topology, structure and dynamics of this evolving contact network remain poorly understood. Here we demonstrate that dense granular systems under a variety of loading conditions exhibit preferred structural ordering reminiscent of a superfamily classification. In particular, two distinct superfamilies are discovered: the first is typically exhibited by materials in the pre-failure regime, while the second manifests in the unstable or failure regime. We demonstrate the robustness of these findings with respect to a range of packing fractions in experimental sand and photoelastic disk assemblies subject to compression and shear, as well as in a series of discrete element simulations of compression tests. We show that the superfamily classification of small connected subgraphs in a granular material can be used to map boundaries in a so-called jamming phase diagram and, consequently, offers a key opportunity to bridge the mechanics and physics perspectives on the constitutive behavior of granular systems.
Introduction
The development of predictive continuum models for granular materials has a long history. A missing ingredient in this effort in the period preceding the introduction of high-resolution or grainscale measurements, is knowledge of the evolving internal structure in the course of deformation of the material. Despite recent collection of grain-scale measurements, explicit information on the dominant structures, their most pervasive topologies or fabric, and their dynamics are surprisingly lacking. We know of only one system where this information has been comprehensively established and this is based on data from a physical experiment in two dimensions (Tordesillas et al., 2012) .
Here we combine the concepts of network motifs pioneered by Milo et al. (2002) and the superfamily phenomenon of Xu et al. (2008) to study the defining fabric of dense granular materials. We study a total of nine tests from simulations and experiments involving two-dimensional and three-dimensional granular materials subjected to different loading tests. The two-dimensional data sets from simulations comprise two biaxial compression tests subject to constant volume boundary conditions (see, for example, Tordesillas, 2007) . In three-dimensions, the data from simulations include a compression test of an assembly of polyellipsoidal particles (Peters et al., 2009 ); a sample of spheres constrained to follow a proportional strain loading path to induce diffuse failure (Sibille et al., 2009) ; and a sample of spheres subject to shear to study permeability within dilatant shear bands (Sun et al., 2013) . Three experimental three-dimensional triaxial tests are considered where l-CT X-ray methods allow identification of grains and their contacts. Two sand types, Caicos ooid and Hostun, are examined using data from Andò et al. (2013) . A third sand type, Ottawa, is examined using data from Druckrey and Alshibli (2014) . Some of the samples fail by strain localization, while others exhibit diffuse failure. In addition to these, we also characterize a unique series of http://dx.doi.org/10.1016/j.ijsolstr.2014.11.013 0020-7683/Ó 2014 Elsevier Ltd. All rights reserved. postulated phase diagram where photoelastic disk assemblies across a range of packing fractions were sheared until they become shear-jammed, i.e., there is a percolating strong network in both spatial directions (Bi et al., 2011) . The question we seek to address is: With respect to structure and structural evolution, is there an unambiguous structural property common to these systems despite the difference in dimensionality, loading condition, material or failure mode?
To place this effort more precisely with respect to the state of knowledge, not just in the physics and mechanics of granular materials, but also the mathematics and statistics of complex systems, we briefly review some pertinent advances across these disciplines. Broadly, our strategy is to characterize the structure and functionality of each system by mapping material properties to a complex network . By far the most studied is the contact network, although other complex networks based on kinematics and other properties besides the contacts also prove useful. The study of the complex network properties permits the quantitative characterization of structural evolution in an entirely multiscale framework. In many cases, the structure can be characterized using macroscopic quantities which are typically global averages of local microscopic quantities across the entire network . That said, the functionality that is critical to macroscopic granular behavior manifests itself, not at the grain-scale, but at the mesoscale where emergent patterns (e.g., force chains, vortices etc.) and instabilities are the norm. Thus, in the past, much effort has been devoted to the intermediate mesoscopic scale: here structural properties of networks have been investigated, including the prevalence of contact cycles of a given length scale Arévalo et al., 2010) , the population and transition dynamics of small subgraphs (Tordesillas et al., 2012) , assortativity patterns of pore connectivity (Russell et al., submitted for publication), the characteristic length scales of network communities (Tordesillas et al., 2013) , to name a few. Recently, Matsushima and Blumenfeld (2014) have uncovered some universal emergent structural properties of 2D granular packings seemingly independent of some material properties within their quadron formulation.
In this study, we are interested in the topology of mesoscopic structures in the contact network which consist of the set of connected subgraphs with four vertices and associated edges (see, Fig. 1 where the subgraphs are itemized by A, B, C, D, E and F). We consider four rather than three vertex subgraphs because in an undirected network there are only two such three vertex subgraphs, namely, a closed and an open triangle; on the other hand, five or higher number vertex subgraphs are challenging to enumerate and their identification in a general network remain a difficult problem. Although it is a challenge to identify the exact number of all six possible four vertex subgraphs in a network, algorithms do exist for determining these tetrad structures (e.g., Kashani et al., 2009 ).
An important question in understanding the connection between structure and functionality of complex systems (e.g., neurological networks, cellular structure, food webs, electronic circuits, social networks) has been whether or not the structure of a given n-vertex subgraph can be referred to as a motif (Milo et al., 2002 . Motifs are generally defined as recurring small connected subgraphs in a graph whose abundance is greater than would be expected compared to their abundance within an equivalent random graph (Milo et al., 2002 . Knowledge and understanding of motifs is becoming important as they are basic functional building blocks combining and interacting to form larger-scale functions. For example, small-motifs within biological transcription networks been shown to be crucial to regulation of living cells (Mangan and Alon, 2003; Yeger-Lotem et al., 2004) . Vázquez et al. (2004) have also demonstrated in cellular networks (i.e., transcription, metabolic, protein interaction) the abundance and aggregation of small subgraphs helps to define a network's large-scale organization. Since networks are constructed to summarize the structural or functional roles of an observed system, network subgraphs identified as motifs are thought to be important building blocks of the network and the system. For example, in a granular materials context, the closed three vertex subgraph, or triangle structure, can be identified as a motif in the contact network of a two-dimensional granular material. These triangles play an important structural and functional role in the physics of granular media (Tordesillas et al., , 2012 Arévalo et al., 2010) . In Milo et al. (2004) , subgraphs can be identified as motifs by calculating a significance profile score, based on their prevalence in a given network, compared to their prevalence in a distribution of equivalent random networks.
As important as identifying whether a subgraph is a motif or not is the abundance ranking of the population of a subgraph in a network compared to other subgraphs in the same class. For example, for the six four vertex connected subgraphs whether one, or many, are technically motifs is not as relevant as whether one subgraph appears more frequently than another. Perhaps the best example of this is the superfamily phenomenon arising from the relative ranking of four vertex subgraphs in networks constructed from time series data. In Xu et al. (2008) it was shown that the rankordering of the population of four vertex subgraphs in so-called phase space networks could provide a broad classification of the underlying dynamical system responsible for the observed time series. That is, networks arising from chaotic time series data exhibited a different superfamily classification to networks arising from periodic time series data. The structure of each four vertex subgraph in these phase space networks also possess a physical interpretation of the geometry of reconstructed phase space and phase space trajectories. Moreover, this superfamily classification was also shown to be robust against moderate levels of observational noise on the time series (Xiang et al., 2012) . For the networks we study here -structural contact networks of a granular material -each of the six four vertex subgraphs have a physical and functional interpretation. In two dimensions, only three of the subgraphsthose with cycles B, C and E -are technically motifs with respect to the significance profile score in Milo et al. (2004) . The subgraph F -four triangles arranged in a three-dimensional tetrahedral-like configuration -arises less rarely in two-dimensional contact networks requiring a wide range of polydispersity to exist. We are thus interested in identifying the relative abundance, or superfamilies, of the subgraphs in the contact networks of a wide range of granular assemblies. Of particular interest is to relate different superfamilies to the behavioral regimes or ''phases'' of the material throughout loading and to explore opportunities for merging the heretofore different perspectives adopted by the engineering and physics communities: i.e., pre-failure versus failure regimes (soil mechanics) or jammed versus unjammed regimes (physics). Ancillary to this is the extent to which topology governs these different regimes, given that this analysis solely focusses on the contacts between grains. The remainder of this paper is organized as follows: in Section 2 we discuss the approach and methods used in our analysis. Section 3 provides a rundown of the superfamily phenomena observed in deforming dense granular materials. In Section 4 we discuss how generic the observed superfamily phenomena is with respect to geographically constrained random networks. We also shed some light on possible mechanisms within granular materials responsible for the observed superfamily phenomena. We also speculate on implications with respect to continuum modeling and the fabrication of tailor-made materials. Finally, in Section 5 we briefly summarize the main findings.
Methods
The geometrical arrangement of grains throughout loading tests can be usefully encoded in a complex network representation of the material . A complex network or graph G ¼ ðV; EÞ consists of vertices V and edges E. The set E # V Â V and a member of E takes the form e ¼ ðu; vÞ connecting vertices u 2 V and v 2 V. The set of vertices in a contact network representation of a granular material consists of the grains and the set of edges summarizes the contact topology of the grains. That is, a network edge connects two vertices if the grains the vertices represent are in physical contact. An example of a contact network topology is displayed in Fig. 2 . The contact network is an undirected and unweighted network and can conveniently be described by a symmetric binary adjacency matrix. In this case the vertices correspond to the rows and columns of the matrix and the edges are encoded by the non-zero elements of the matrix. It is possible to imbue the network, or adjacency matrix, with further information such as the contact force between contacting grains, and this leads to a weighted network. In the following we restrict our attention to the undirected unweighted contact network as it remains a challenge to reliably measure the forces at contacts in experimental tests of real granular materials.
A subgraph of a network G ¼ ðV; EÞ is a graph M ¼ ðV m ; E m Þ where V m # V and the edges connecting members of V m are such that E m # E. The contact network of a granular assembly contains many subgraphs whose topologies alone provide functional relevance. For example, the subgraph consisting of three vertices with mutual connections, i.e., a 3-cycle or triangle topology, has important structural meaning within a granular assembly (Arévalo et al., 2010) . The configuration of grains giving rise to network 3-cycles have the property of frustrating relative rotation among the grains so providing a stabilizing function (Tordesillas et al., 2011) . These vertex triples have recently been identified to statistically determine the global structure of real-world complex networks (Jamakovic et al., 2009) . A second subgraph within a granular material is one consisting of a connected chain of edges which, when imbued with knowledge of physical orientation and force carrying potential, can be interpreted as a force chain structure. Force chains are quasi-linear sequences of connected grains which possess load-bearing column-like functionality (Tordesillas, 2007) .
In general network theory, small subgraphs consisting of a small number of vertices and their associated edges can be defined as motifs . These are subgraphs whose prevalence in the network (number of instances) is higher than would be expected in an equivalent random network (e.g., a randomly rewired -switched edges -version of the original network preserving the observed degree distribution). These special subgraphs are considered important because of their possible functional role (cf. the aforementioned 3-cycles). As Kashani et al. (2009) point out, the actual functional role some of these subgraphs might play can be unknown and only speculated at however, simply defining motifs based on topology and their prevalence is a good initial step in further understanding their function. Beyond the two connected triad subgraphs -an open and closed triangle -subgraphs consisting of four vertices and their connected edges are frequently studied. There are six possible connected subgraphs with four vertices in an undirected network as shown in Fig. 1 . The frequency of these subgraphs in a network can be enumerated. See, for example, Fig. 2 . Example of contact network topology arising in 2D photoelastic disk experiments The network is visualized using a Kamada-Kawai graph drawing style (Kamada and Kawai, 1989) implemented in R-igraph (Csardi and Nepusz, 2006) . Isolated disks (rattlers) and small disconnected clusters are displayed around the largest connected component of disk contacts. It is important to be aware that these matches allow overlap of vertices and edges (Kashani et al., 2009 ). For example, consider an arrangement of grains inducing the network G shown in Fig. 3 . This graph could represent a larger granular structure consisting of two 4-cycles which share an edge and contains three different forms of the four vertex subgraphs A, D and E, with frequencies 6, 2 and 2 respectively. All of these subgraphs have been extracted, and we see that by searching for all matches of a given subgraph, we allow ourselves to appreciate the multitude of roles combinations of small subgraphs play in designing larger scale topologies. These motifs, or small connected subgraphs that permeate a graph, can thus be seen to be basic building blocks of complex networks. Observe that this interpretation of building block is more in line with layered sets of blueprints in architectural drawings, as opposed to jigsaw-style constructions suggested by the piecing together of the two 4-cycles in Fig. 3 , or the set of minimal contact cycles (graph faces) in Fig. 2 .
We are most interested in the relative ranking or the frequency of occurrence of each of these six subgraphs, as shown in Fig. 1 , in the contact networks of a granular assembly throughout loading. That is, we are not overly concerned whether a particular subgraph is technically a motif, and more interested in the rank-order of the subgraphs into superfamilies. Recall, for a subgraph to be regarded as a network motif, its prevalence must be higher than expected when compared to an equivalent random network. Here, equivalence means the same number of vertices and identical degree distribution. For each contact network, we can generate such a random network by rewiring edges to preserve the local degree structure. The significance profile in Milo et al. (2004) can be used to detect if a given subgraph is a motif -a positive significant profile score above a specified threshold suggests a given structure is a network motif. We have tested this for the observed contact networks, and found that in two-dimensional contact networks subgraphs B, C and E, containing triangle topologies, can be typically regarded as motifs. However, in the present context, whether or not a subgraph is semantically a motif is ancillary to the superfamily ranking of each.
Results
In this paper we analyze simulated and experimental data from a number of disparate sources. In order to achieve some consistency in presentation, for each test we will display the observed frequency of subgraphs on a semi-log scale, and then present the observed superfamily with respect to the average contact network degree through loading. To aid interpretation of the average degree plots we include relevant information on the stress -stress ratio or deviator stress -evolution with respect to strain. For reasons that will become obvious, we depart slightly from this presentation style for the suite of photoelastic disk experiments.
In Figs. 4 and 5, we show the subgraph counts and corresponding superfamily classification through loading for the two twodimensional biaxial compression simulations, subject to constant volume boundary conditions. We note that due to the narrow range of polydispersity, the subgraph F is not present, and so does not register on these log-scale plots. The DEM model used is designed to approximate the response of assemblies of noncircular particles by incorporating a moment transfer to account for rolling resistance (Oda and Iwashita, 2000) . This adjustment to the classical DEM model of Cundall and Strack (1979) allows control of the relative rotations of particles at contacts. It has been found to be helpful in achieving more realistic rotations and stress predictions of systems with angular particles (e.g. Gutierrez and Mohamed, 2010) . The two tests are distinguished by the coefficient of rolling friction. For convenience, we refer to these tests as 0.02 CV and 0.2 CV, where the number corresponds to the value of the coefficient of rolling friction l r , and CV to constant volume. Full details of the simulation and the DEM parameters can be found elsewhere (Tordesillas, 2007) . The initial packing fraction for both tests was 0.858.
We see that there is no difference in the observed superfamilies with respect to the rolling friction model parameter. During the early stages of loading, and well before the axial strain value where peak stress ratio and failure occur, the observed superfamily is of the form ABDECF. As the average degree of the contact network falls below four for these two-dimensional tests, the superfamily classification changes to ADBECF and remains in this category for the remainder of the loading, including the onset and transition to failure. In the test with lower coefficient of rolling friction (l r ¼ 0:02 compared to l r ¼ 0:2), there are a few strain states when the superfamily switches back to the initial classification (see, Fig. 4(b) ). This may in part be due to the shear band, which dominates dynamics after failure, temporally recovering integrity by forming large localized jammed areas. In the main, however, the observed superfamilies suggest that for a stable (early stages of strain-hardening when load can more easily be borne) granular material in two dimensions the contact network possesses the subgraph ranking ABDECF. As connectivity is lost as a result of grain rearrangements in response to increasing load, the material becomes more prone to failure and possesses the subgraph ranking ADBECF. We note here, but will discuss in more detail later, that the important switch is from B to D. The B subgraph containing three particles with a fourth particle playing a supporting role by forming a triangle becomes less prevalent than the star-like subgraph D, which has no triangular support. We remark that we have also observed the same superfamily phenomena in two related two-dimensional biaxial compression tests subject to constant confining pressure boundary conditions (Tordesillas, 2007) (results not shown).
The three-dimensional compression simulation of polyellipsoid particles also fails in the presence of shear banding after reaching a peak stress (Peters et al., 2009 ). The initial porosity was 0.35. The subgraph counts are shown in Fig. 6 . An effect of the extra dimension is readily apparent. The subgraph F, which corresponds to the basic three-dimensional building block tetrahedral structure, is now present. Its prevalence remains the lowest observed of the six subgraphs. We identify three different superfamilies for this three-dimensional test. Initially, we observe ABDCEF then ADBCEF before finally the sample exhibits the ADBECF superfamily. That is, there are two transitions in subgraph abundance: B loses out to D and then C loses out to E. Both transitions occur before peak stress and failure in this system. Compared to the two-dimensional simulation, there is a difference in the initial superfamily and the existence of the second transition involving the subgraphs C and E. We will discuss these subgraphs in more detail later, but make two observations. The transition causing E to become higher ranked than C again involves the loss of a triangle topology, actually, the loss of two triangles. The topologies and transitions between subgraphs C and E are reminiscent of the T1 transition in foams (Weaire et al., 2007) , as well as the postulated shear transition zone (STZ) mechanism of failure (Mesarovic et al., 2012) . In this latter case, however, with respect to subgraph counts this transition is secondary to the change in the ranking of subgraphs B and D.
Once again, we see that when the material is more stable, the superfamily ranks B above D, whereas the more prone to failure state of the contact network exhibits the superfamily ADBECF. We have also discovered the same superfamily in two other three-dimensional tests which are specifically set up to fail. The diffuse failure simulation studies of Sibille et al. (2009) exhibit the ADBECF superfamily once perturbation begins around peak stress. That is, the switch from the stable superfamily has already occurred, and subsequent perturbations towards diffuse failure do not change the superfamily. Similarly, the shear simulations of Sun et al. (2013) specifically designed to study shear banding consistently manifests the ADBECF superfamily.
The three-dimensional experimental systems we examine are triaxial compression tests. As was the case for the two-dimensional and three-dimensional simulations these experimental tests fail in the presence of a persistent shear band, i.e., the failure mode is also strain localization ). There are two major differences between these experimental tests and the simulations, the obvious being that the simulations are only models, whereas the experiments are real. However, being experiments, they suffer observational error, which in the present context corresponds to over-counting or under-counting of contacts. However, the resolution and capability is remarkable and as demonstrated in Andò et al. (2013) , enough information is recorded to recover essential features of the triaxial compression process. The second major difference is the scale of the systems. The number of grains within the simulations presented in detail above exceed $5000. In the triaxial sand tests, the number of observed grains is much greater. In the Caicos ooid sample there are initially $84,000 grains, and in the Hostun sand sample $54,000 grains. The initial porosity for the Caicos ooid sample was 35.2%, and for the Hostun sample the initial porosity was 39.7%. In the interest of a more direct comparison between the simulations and these experiments, and also to avoid some noise in the X-ray images for grains at the boundaries, we extract a central core of observations in each sample to study. This results in the Caicos ooid sample core containing $15,000 grains with $8000 grains in the Hostun sand sample. We have tested the full sets of assemblies, but noise in the full imaging measurements for Hostun creates enough spurious contacts to bias results. These observational noise issues were less damaging for the Ottawa sand test sample, and so we use the entire sample of $27,000 grains. The initial density of the Ottawa sample was 1.73 g/cm 3 .
The results of the subgraph analysis for the cores of the Caicos ooid and Hostun sand tests are shown in Figs. 7 and 8, respectively. As for the three-dimensional simulation, we see that the tetrahedral building block structure registers a presence, but is still ranked the lowest. The evolution of its frequency for the Caicos ooid test is interesting, with almost an order of magnitude drop in occurrence in the lead up to failure. The transition in superfamily from the more stable ABDCEF to the more failure-prone ADBCEF occurs. Unlike the three-dimensional simulation, we do not observe the second T1-like transition of subgraph C ceding prominence to subgraph E. However, the observed counts suggest that the population of these two structures are becoming comparable. For the Ottawa sand test sample, as shown in Fig. 9 , we see the same superfamily as observed in the three-dimensional simulation of polyellipsoid particles. That is, ABDCEF transitions to ADBCEF and then to ADBECF before and during the point of failure. (Note the initial configuration, or the first observed state of deformation is actually ADBCEF before the onset of compression closes some dilatant holes in the sample.)
Overall, we observe first the change in superfamily ABDCEF to ADBCEF and then to ADBECF appears to be universal across twodimensional, three-dimensional, simulated and real sand tests. The dominant transition is the switch in prominence of the B and D subgraphs with a lesser role being played by the C to E switch. This suggests there may well be an underlying universal dynamical law of granular materials during the transition to failure responsible for this universality in structural self-organizational properties. Of course, we are merely counting the prevalence of such structures, and inferring possible transitions. A more thorough analysis on transition dynamics would perhaps employ the techniques used in Tordesillas et al. (2012) . We reserve this for a future study. The superfamily classification and its changes within frictional granular systems in response to loading suggests a connection to the jamming concept of Liu and Nagel (1998) where, depending on density, a material is unjammed -can flow under applied stresses -or jammed -can resist small stresses. Bi et al. (2011) explored this framework with respect to frictional granular particles -photoelastic disks -and proposed a modification to the jamming phase diagram. Bi et al. (2011) exploited the properties of photoelastic materials to infer contact forces and introduced two new states for frictional granular systems: fragile and shearjammed. Their experiments were two-dimensional and the fragile state occurs when the so-called strong network percolates in only one direction. The system is classified as shear-jammed if the strong network percolates in both dimensions. We are interested in how the superfamily concept on contact networks, as introduced here, compares to the proposed jamming diagram of Bi et al. (2011) . We use a subset of the data sets used in Bi et al. (2011) but only consider the topological contact network. That is, we do not consider contact force information in our framework. As a result we expect differences to arise, but it is informative to see how much the superfamily classification solely based on topology provides.
In Fig. 10(a) we plot each of the 90 tests with respect to the initial packing fraction and the observed average degree of the contact network through shearing. The symbols used identify the superfamily classification in the legend. There are five observed superfamilies. Two appear to be pathological cases ADEBCF (diamonds) and ADBCEF (triangles) which occur at low packing fractions when the assembly is loose, resulting in a fragmented contact topology where each connected component has very few contact edges. The dominant superfamily is the one we term failure-prone ADBECF (dots) and this encompasses most of the tests. This also covers the entire fragile state and the lower part of the shear-jammed state in the phase diagram of Bi et al. (2011) (Fig. 2(c) of their paper) . As the average degree rises to above three (minimum degree, or coordination number required for isostatic conditions), the observed superfamily transitions to the more stable family ABDECF (crosses). This superfamily occurs within the shear-jammed zone of the Bi et al. (2011) jamming diagram as does the rarely observed ABDCEF (squares) superfamily. This superfamily is the one observed at the start of loading in the three-dimensional tests explored above.
In Fig. 10(b) , we plot the superfamily classification with respect to shear stress, allowing a more direct comparison with the results of Bi et al. (2011) . We see that our superfamily phase diagram is qualitatively similar to the jamming diagram in Bi et al. (2011) , showing that classification through topology alone is a good coarse-grain description of a system. The superfamily classification without force information widens the number of systems that can be classified. Furthermore, by not relying on percolation of strong forces between well-defined system domain boundaries, a greater number of engineering tests with more exotic domain boundaries can also be absorbed in our framework. We have seen, using solely topology, that qualitative features of the Bi et al. (2011) proposed jamming phase diagram can be recovered using our proposed superfamily classification. However, the proposed fragile state did not emerge in Fig. 10(b) . An extension of the methods is thus required to uncover this state. Such an extension would be to extend the superfamily classification to force-weighted networks. Force-weighted networks have been shown recently to be useful for analyzing the effects of network topology to acoustic propagation in granular materials (Bassett et al., 2012) , and network communities within force-weighted networks can be closely linked to force chains (Bassett et al., 2014) . In the first instance, an extension of the present superfamily work to force-weighted networks would involve thresholding the contact network according to observed contact force magnitude. For example, we could consider the filtered subnetwork of contacts that bear above-average force. Then we could classify the superfamily of subgraph structures. Such an approach could, potentially, uncover the other proposed states in the Bi et al. (2011) jamming phase diagram. We reserve this approach for a later paper as it would only be applicable to tests where contact force can be reliably measured.
Discussion

Random networks
Motifs, defined as recurring small connected subgraphs in a graph, comprise the basic building blocks of a complex network (Jamakovic et al., 2009) . Their frequencies of occurrence can also be related to their different functional roles in the system the network represents (Milo et al., 2002) . The contact network can be regarded as a geographical complex network, since the grains themselves can block potential (abstract) contacts between other neighboring grains. One might ask if the observed superfamilies in granular contact networks can be solely attributed to these geographical constraints on the topology. We undertook a series of basic randomization tests to discover if a random network subject to geographical constraints exhibits different superfamily phenomena.
We generated random geographical networks in both two and three dimensions. The procedure in each dimension was essentially the same. For a given number of points (to be regarded as grain centres) we randomly (uniformly distributed in each direction) placed them in the unit square or cube. To generate contacts, we performed a Delaunay triangulation on these points. Thus, in two dimensions a network of triangles was created corresponding to a tightly packed polydisperse system. The polydispersity depended on the initial spatial distribution of the randomly placed points and the geographical nature of contact networks was somewhat respected. Of course, edges along the convex hull of the points lead to unrealistic long-range contact network connections, but compared to the interior of the sample these were few in number. Irrespective of this potential bias, the goal of this first-step analysis is not to generate a random realizable contact network, only a random network with some geographical constraints. Generating a realizable random contact network in general is undoubtably a more challenging problem, and perhaps the methods of Small et al. (2014, submitted for publication) with specific constraints may be usefully employed. For example, two constraints could be to preserve the number of contacts of a packing and also to preserve the density of contacts in the packing. From a networks perspective this may be achieved by matching degree distributions and nearest neighbor degree distributions. Alternatively, the lattice-based random geometric network construction of Itzkovitz and Alon (2005), with suitable constraints may also be employed.
In three dimensions, our construction of random networks follows the two-dimensional construction above, except for the initial ''fully'' connected networks being made up of tetrahedral structures.
For each initial random network -100 in total -we randomly delete edges at a specified probability. For each probability, we perform the random attack 100 times to generate 100 networks. That is, all the edges in the initial network are attacked with the given probability to produce a less-connected network. This process is repeated 100 times to obtain for each probability 100 geographically constrained networks. The edge removal is random, so this analysis is again only a first-step to examining the universality of the superfamily phenomena. The random process should in no way be considered as the mechanism whereby a granular system loses contacts.
The results of these randomization tests for the two-dimensional and three-dimensional cases are shown in Fig. 11 . The results are shown for initial networks with 5000 points/nodes but networks with fewer and greater number of nodes have been tested and the results appear robust. In each case we observe a first-order phase transition at connectivity probability 0.4 with respect to superfamily classification. A similar transition in superfamily phenomena was observed by Zhang et al. (2013) in their exploration of preferential attachment methods for randomly generating scale-free complex networks. When the probability of edge removal is low, the dominant superfamily in both cases is ABDCEF, which is the stable superfamily seen in the initial preparations of the three-dimensional systems. After the phase transition, and at lower connectivities (higher edge removal probability), we observe (b) Fig. 11 . Observed superfamilies in geographically constrained random networks in (a) two dimensions (b) three dimensions. ''Delaunay network'' edges are attacked randomly at a given probability and the superfamily of the resulting network is recorded. At each probability 100 networks are realized and the frequency of the observed superfamily corresponds to the displayed circle size. the superfamily ADBECF. This is precisely the failure-prone superfamily we observe in all of the granular tests. The superfamily at the transition point is ADBCEF, observed as the intermediate state in the three-dimensional polyellipsoid simulation and the Ottawa sand test, as well as the final state of the Caicos ooid and Hostun sand tests. The initial preparation of the two-dimensional biaxial compression test does not feature in these random tests. Furthermore, we see that the initial networks in the three-dimensional random tests show a pathological case with a high ranking of subgraph F topologies, which can be attributed to the ''Delaunay network'' construction.
These first-step randomization tests suggest that the geographical constraints on topology for contact networks of a given connectivity strongly determines the superfamily. Thus, contact networks appear to be but one class of physical examples of, perhaps, a generic property of such geographical networks. This universality might be regarded as disappointing in the sense that there is nothing special about granular contact networks from a topological classification perspective. However, what is special is knowledge of the precise mechanisms governing grain rearrangements causing the transition from the ''stable'' superfamily to the ''failure-prone'' superfamily. We may end up with the same superfamily as random deletion of network edges, but a different process is clearly taking us there (cf. strain localization). To uncover possible mechanisms behind the transition, we try to give a (granular) physical interpretation to each subgraph structure.
Mechanisms
In the contact network representation, the abstract subgraphs in Fig. 1 can also have a direct physical interpretation, as they correspond to structural arrangements of grains. We conjecture that the relative abundance and superfamily classification of these structures helps to identify, and can be used to propose, the preferred design principles employed in the self-organization of a granular material in response to load in order to aid its load-bearing capabilities. The following individual interpretations with respect to grain clusters and other materials can be attributed to the six subgraphs shown in Fig. 1 .
A: this configuration is the most basic of the four vertex connected subgraphs consisting of three connected line segments, corresponding to a chain of four particles. Force chains consist of three or more contiguous particles in a (physical) quasi-linear arrangement (Tordesillas, 2007) . Note the network representation does not account for the physical orientation of the contact, and so the quasi-linear arrangement of grains required of a functional force chain is not enforced. Thus this configuration provides only a (very) conservative upper bound for the number of force chains of length 4.
B: this subgraph consists of a triangle, or 3-cycle topology, plus one extra edge. It could also be regarded as a length 3 force chain supported by a weak particle in the form of a triangular topology. Triangle contact topologies (in two dimensions) are the most stable of configurations particles in an assembly can form (Tordesillas et al., 2011 ). An assembly with a higher propensity of these structures compared to another assembly suggests a zeroth-order ranking in terms of stability or mechanical rigidity.
C: this structure consisting of two triangle contact topologies sharing a contact suggests even greater stability than subgraph B. Furthermore, this arrangement of contacts can be interpreted as a configuration that typifies an idealized T1 process observed and theorized in foams (Weaire et al., 2007) . These topologies could also indicate the initial state of a local rearrangement contributing to microbanding (Tordesillas et al., 2008; Kuhn, 1999) or STZ (Mesarovic et al., 2012) . The abundance, or lack thereof, of these topologies in the contact network gives an indication of the likelihood of such events occurring and being responsible for the dissipation of energy and failure within sheared materials. D: this conformation is acyclic being in a star formation. Within the contact network this topology suggests that, at the larger mesoscale level, the central vertex is the nexus of adjacent larger n-cycles (n > 3), i.e., more likely to be present in zones of the material with high dilatancy. This subgraph can also be formed by the subgraph B losing its triangle but otherwise retaining all other contacts. This suggests a basic mechanism in the failure by buckling of a model force chain: subgraph B transitions to subgraph D. E: this cluster arrangement, in common with 3-cycle or triangle topologies, is one of the building blocks of a granular material. In contrast to triangles this 4-cycle contact topology allows for relative non-frustrated rotations -roller bearing-like -amongst the constituent particles. Furthermore, this configuration can also be identified as an intermediate stage in an idealized T1 process.
F: in three dimensions this topology is a representation of the most basic tetrahedral configuration. In the systems we have studied, the superfamily ranking of this subgraph is always the lowest. However, examining its abundance through deformation, we see these structures decreasing in population prior to failure. It is reasonable to expect that these tetrahedral configurations occur in more densely packed areas of a sample where force chains are more likely to proliferate. The fall in abundance of these structures is thus indicative of dilation and a reduction in support to force chains, and perhaps their failure. Since this subgraph consists of four 3-cycles, our interpretation regarding the functionality of subgraph B and the transition BD ! DB is also consistent with respect to subgraph F. That is, our conjectured mechanism for failure is transportable from two dimensions to three dimensions.
In all of the simulation and experimental compression tests, a distinguishing feature of the change in superfamily from stability to failure-prone is the configuration associated with dilatancy (subgraph D) -ranked only second to the basic chain configuration; A -switches its place in the superfamily with configuration B. That is, configuration B loses a 3-cycle and becomes configuration D. Thus, as mentioned above, if one wishes to develop a continuum model within a formalism which scales-up from the mesoscale, the B to D transition mechanism should be incorporated from the get-go.
Of equal or more significance is the place in the superfamilies of the subgraph configuration C, which represents an idealized initial or final state of a T1 transition. This is of note because, despite these being promoted as ideal configurations and transitions, to explain the micromechanics of dilatancy and onset of failure in granular materials (Mesarovic et al., 2012) , with respect to the superfamily classification, C to E in prevalence is a secondary transition. The transition of C to E does involve the dilatant change associated with loss of 3-cycles, and so perhaps a more representative initial mesoscale configuration should also include this topology. That is, the continuum formalism should scale-up from an initial force chain supported by weak particles encompassing both subgraph B and subgraph C topologies. Thus, the failure mechanism to be modeled would then incorporate the dilatant B to D and C to E mechanisms, thus capturing both force chain buckling and STZ topological transitions.
Tailor-made materials
The superfamily classification corresponding to stable topological arrangements (ABDCEF) and failure-prone arrangements (ADBECF) suggests a simple test for tailor-made fabricated materials. If the design requires a stable topology, then build a structure exhibiting the ABDCEF superfamily. Of course, if materials and design allows, one might want to shift the ranking of subgraph F to be as high as possible. For example, the three-dimensional Delaunay triangulation induces a network with the superfamily ABDCFE. On the flip-side, perhaps short term stability, or built-in obsolescence, is desirable; therefore, incorporating built-in fragility along the lines of the ADBECF superfamily should be considered.
Conclusion
The structural arrangement of grains in an assembly can be represented by a complex network. This representation provides a useful framework to study the material at multiple scales. Global network averages of local vertex properties gives a macroscopic description, whereas individual vertex properties reside at the microscopic or grain-scale. The global network quantity of average degree, closely related to a materials coordination number, is very useful for the characterization of a material. However, beyond knowledge of average loss or gain of contacts during deformation, the average degree does not provide detail on what grain rearrangement mechanisms may be responsible for the change in contacts. To help uncover such mechanisms, in this paper, we have considered the assembly and representative network at a larger mesoscopic scale by examining small subgraphs consisting of four connected vertices. We select four vertex subgraphs for two reasons (1) algorithms exist to enumerate all such subgraphs in a network, and (2) the evolution of both 3-cycle triangular, and 4-cycle square, topologies are encapsulated by the four vertex subgraphs. Moreover, one of the subgraphs, denoted F, is a direct representation of a three-dimensional structure, i.e., the tetrahedra. By examining the changing population of these four vertex subgraphs, e.g., subgraphs with triangles switch abundance with square subgraphs, we gain knowledge of dilatory mechanisms beyond a change in degree. Small subgraphs in a network are considered to provide important functional roles for the system they represent. Motifs which are a subset of these subgraphs that appear more often than expected are regarded as particularly important. Equally important is the relative frequency in a network of all subgraphs of a given size, with rank-orders of subgraphs exhibiting superfamily phenomena. We have found that the rank-ordering of four vertex subgraphs in contact networks of sheared granular assemblies also exhibit superfamily phenomena. There appears to be a universal superfamily (ADBECF) associated with the failure regime of granular assemblies irrespective of dimension or loading condition. Furthermore, the transition to this failure-prone superfamily involves the change in ranking of the subgraphs B to D, i.e., in moving from stable response to failure response, the prevalence of subgraph D surpasses subgraph B. The fall in abundance of subgraph B -a topology that contains a sTable 3-cycle arrangement -to below the frequency of subgraph D -a topology with no low order cycles -is indicative of the inherent dilatant grain rearrangements associated with failure mechanisms. For example, the transition in superfamily ranking of BD ! DB could be regarded as the fundamental mechanism underlying force chain buckling. Moreover, the relatively low ranking of subgraphs C and E, and their superfamily transition CE ! EC, corresponding to idealized T1 transition in foams hints at the possibility of a wider application and discovery of superfamily behavior to other materials. The qualitative features of the jamming phase diagram could also be captured through our proposed superfamily framework, as are prevalent or dominant fabric domains in the pre-failure versus failure regimes. Thus the superfamily phase diagram provides the possibility of bridging the gap between idealized physics experiments and soil mechanics tests. The suggestive universality of our results warrants further investigation to include more experiments on assemblies of real sand. As Matsushima and Blumenfeld (2014) remark, key to progress in identifying relationships between physical properties and properties of grain-packings is to identify emergent structures that are independent of many material properties. Here, across a number of different tests, comprising different materials, real and simulated, we have seen such independence and possible universality of the structural superfamily classification.
